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Quelli che s'innamoran di pratica sanza scienza son come'l 
nocchier ch'entra in navilio sanza timone o bussola, che mai ha 
certezza dove si vada. 
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à-dire se taire; il écoute la nature et écrit sous sa dictée. 
Mais une fois le fait constaté et le phénomène bien observé, 
l'idée arrive, le raisonnement intervient et l'expérimentateur 
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On the Effect of Lüders Bands on the Bending of Steel Tubes 
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In several practical applications, hot-finished steel pipe that exhibits Lüders bands 
is bent to strains of 2-3%. Lüders banding is a material instability that leads to 
inhomogeneous plastic deformation in the range of 1-4%. This work investigates the 
influence of Lüders banding on the inelastic response and stability of tubes under rotation 
controlled pure bending. It starts with the results of an experimental study involving tubes 
of several diameter-to-thickness ratios in the range of 33.2 to 14.7 and Lüders strains of 
1.8% to 2.7%. In all cases, the initial elastic regime terminates at a local moment 
maximum and the local nucleation of narrow angled Lüders bands of higher strain on the 
tension and compression sides of the tube. As the rotation continues, the bands multiply 
and spread axially causing the affected zone to bend to a higher curvature while the rest 
of the tube is still at the curvature corresponding to the initial moment maximum. With 
further rotation of the ends, the higher curvature zone(s) gradually spreads while the 
moment remains essentially unchanged. For relatively low D/t tubes and/or short Lüders 
strains, the whole tube eventually is deformed to the higher curvature entering the usual 
hardening regime. Subsequently it continues to deform uniformly until the usual limit 
moment instability is reached. For high D/t tubes and/or materials with longer Lüders 
strains, the propagation of the larger curvature is interrupted by collapse when a critical 
 ix
length is Lüders deformed leaving behind part of the structure essentially undeformed. 
The higher the D/t and/or the longer the Lüders strain is, the shorter the critical length.  
This class of problems is analyzed using 3D finite elements while the material is 
modeled as an elastic-plastic solid with an “up-down-up” response over the extent of the 
Lüders strain, followed by hardening. The analysis reproduces the main features of the 
mechanical behavior provided the unstable part of the response is suitably calibrated. The 
uniform curvature elastic regime terminates with the nucleation of localized banded 
deformation. The bands appear in pockets on the most deformed sites of the tube and 
propagate into the hitherto intact part of the structure while the moment remains 
essentially unchanged. The Lüders-deformed section has a higher curvature, ovalizes 
more than the rest of the tube, and develops wrinkles with a characteristic wavelength. 
For every tube D/t there exists a threshold of Lüders strain separating the two types of 
behavior. This bounding value of Lüders strain was studied parametrically. 
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Chapter 1: INTRODUCTION 
Offshore pipelines often experience bending that takes the structure into the 
plastic range. Plastic bending can develop during the installation of the pipeline but also 
during its operation. Thus, for example, installing the pipeline by the reeling method 
results in winding it onto a reel with a hub radius of a few meters resulting in strains of 2-
3% (Ch. 2 in Kyriakides and Corona, 2007). Other examples that can involve significant 
plastic bending of a pipeline include upheaval buckling of a buried line due to the 
passage of hot hydrocarbons at high pressure (Ju and Kyriakides, 1988), and lines 
installed on the sea floor which are intentionally designed to buckle laterally at regular 
intervals (snaking) in order to relieve the compression induced by temperature and 
pressure (Bruton et al., 2005). 
It is well known that plastic bending of tubes is limited by structural instabilities 
that are governed by the tube diameter-to-thickness ratio (D/t) and the characteristics of 
the stress-strain response of the material. Bending ovalizes the tube cross section 
(Brazier, 1927) gradually reducing its bending rigidity and leads to a limit load instability 
that is followed by localized deformation and local collapse. This is the limit state of 
lower D/t tubes. Wrinkling on the compressed side is a second type of instability, which 
for higher D/t tubes leads to collapse by local kinking (e.g., see Ju and Kyriakides, 1991, 
1992; Kyriakides and Ju, 1992; Corona et al., 2006; Kyriakides and Corona, 2007). For 
intermediate D/t values wrinkling and localization of ovalization can interact (Ju and 
Kyriakides, 1991). 
Plastic bending of tubes is further complicated when the steel exhibits Lüders 
bands, a material instability that leads to localized deformation over a certain strain 
range. The main objective of this dissertation is to understand how Lüders bands changes 
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the response of tubes under bending and how it influences the extent to which they can be 
safely bent.  
1.1  LÜDERS BANDS 
Lüders banding, as is known today, is a dislocation driven phenomenon that 
macroscopically manifests as localized deformation. In the simplest setting involving a 
uniaxial test on a low carbon steel strip, immediately after first yielding, inclined bands of 
plastic deformation develop locally. Under displacement controlled stretching, the bands 
propagate gradually consuming the test section as shown in Fig. 1.1a. During this 
process, the stress remains essentially unchanged tracing a plateau as shown in Fig. 1.1b. 
This propagation phase is characterized by the coexistence of two deformation regimes, 
represented by the dark and lighter colors in the test section shown in the figure. The 
plateau has a strain range of 1-4%. At the termination of the stress plateau, the material 
returns to homogeneous deformation and the usual strain hardening behavior.  
The phenomenon was first observed by Lüders (1860) during bending of soft cast-
steel rods. Several lines appeared on the surface of the bent rods, which he subsequently 
showed to become more prominent if etched with a weak solution of nitric acid. He did 
not associate these lines with localization of strain, but attributed them to "molecular 
motion". Other names given to the phenomenon include Piobert-Lüders bands (Piobert et 
al., 1842), Hartman lines (after Hartman, 1896), stretcher strains, strain markings and 
strain or flow figures. 
The manufacturing industry views the Lüders bands as undesirable visible surface 
markings, detracting from the appearance of fabricated metal products (Baren and 
Nelson, 1970). Thus, they have, mostly empirically, focused on avoiding the 
phenomenon by means of operations such as temper rolling or skin pass. An expensive 
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alternative to low-carbon steel is the use of aluminum-killed steel or reducing the carbon 
and nitrogen content to very low levels. These options are usually not exercised in 
pipeline manufacture primarily in order to control the costs. 
Two main theories for the occurrence of Lüders bands have survived the test of 
time. Cottrell and Bilby (1949) attributed the upper yield stress in low-carbon steel to the 
pinning of dislocations by carbon and nitrogen atoms, which naturally tend to form 
“atmospheres” around them. They postulated that initial yielding requires a higher stress 
in order to pull the dislocations out of their atmospheres. Once released, the dislocations 
can be moved by a lower stress, inducing a drop in stress. The pinning effect of 
interstitial impurities is widely accepted for several reasons including the reappearance of 
Lüders strain following mild heat-treatment, which allows these atoms to migrate and 
repin the dislocations (strain aging). 
For a limited range of strain rates and temperatures, the increasing mobility of 
solutes leads to repetitive pinning and unpinning of dislocations, associated with stress 
drops and rises. This phenomenon is known as Portevin-Le Chatelier (PLC), after Le 
Chatelier (1909) and Portevin and Le Chatelier (1923), and is associated with strain rate 
softening (Penning, 1972).  
The second theory for the appearance of Lüders bands was proposed by Johnston 
and Gilman (1959), who attributed the load drop to multiplication of dislocations; as their 
number increases, the stress required to move them decreases (see also Johnston, 1962 
and Hahn, 1962). In both theories, Lüders bands are associated with strain softening. 
1.2  BENDING WITH LÜDERS BANDS 
Published accounts of bending with Lüders bands although very limited actually 
started as early as Lüders' paper in 1860. Nakanishi (1931) investigated Lüders bands in 
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tension, torsion and bending (see also Nakanishi, 1929, and Nakanishi et al., 1934). He 
used Fry's etching method (Fry, 1921) to reveal the bands occurring in mild steel square 
beams under bending. Angled wedge-like localized deformation patterns that start on the 
surface and die when they approach the neutral axis were observed (see Fig. 1.2). 
An attempt at simulating bending of a solid with Lüders bands was made by 
Shioya and Machida (1984) (see also Shioya and Shiroiri, 1976). They used the work of 
Johnston and Gilman (1959) and Hahn (1962) and a criterion of yield initiation based on 
a continuously distributed dislocations model to simulate numerically the yield process of 
mild steel beams under plane strain bending. They essentially employed a constitutive 
model that involved an unstable stress-strain curve with gradually decreasing negative 
slope after the upper yield point. The paper reports some success in reproducing localized 
wedge-like through thickness deformation bands that have some similarity to those 
observed by Nakanishi. 
Aguirre et al. (2004) studied the interaction of wrinkling and Lüders banding in 
higher D/t tubes (27.2). A moment plateau was traced during which pockets of inclined 
Lüders bands were found to emanate from peaks of wrinkles. Kyriakides et al. (2008) 
showed that for a relatively thick tube ( 7.18tD ) under pure bending the interaction 
with Lüders strain of about 1.8% also resulted in an extended moment plateau. As the 
plateau was being traced two curvature regimes co-existed, one approximately 
corresponding to the strain at the end of the stress plateau and the second to that at the 
beginning of the plateau. Under rotation-controlled bending, the larger curvature regime 
gradually propagated until the whole length of the tube was consumed. Subsequently, the 
moment increased monotonically and the structure resumed homogeneous bending 
deformation. 
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1.3  OUTLINE 
This work is a continuation of the studies mentioned above, examining in detail 
the effect of the tube D/t and of the unstable material behavior on the response and 
stability of tubes under bending. Of particular interest is the complex interaction of 
Lüders bands in low-carbon steel with the structural instabilities intrinsic to tubular 
structures under bending. The investigation consists of a large number of small-scale 
experiments followed by numerical modeling by means of finite element simulations. 
The focus of Chapter 2 is on the material instability. Tensile tests are reported, followed 
by simulations using the finite element method and a discussion of the constitutive model 
used and of the modeling of the phenomenon. Chapter 3 presents representative bending 
results from an extensive study that involved tubes of several D/t values in the range of 
33.2 to 14.7 and Lüders strains of 1.8% to 2.7%. These experiments, produce a wealth of 
phenomena associated with the interaction of Lüders bands with structural nonlinearities. 
These phenomena are numerically simulated using FE models along with custom 
constitutive models that aim to reproduce the macroscopic effects of Lüders banding. The 
results of these simulation efforts are reported in Chapter 4. Once the veracity and 
robustness of the models is proven, they are used to conduct an extensive parametric 
study of the problem, presented in Chapter 5. The main findings and conclusions are 







Fig. 1.1 (a) Photographic sequence showing evolution of Lüders strain.  
(b) Stress-strain response  of a steel exhibiting Lüders banding. 















Fig. 1.2 Lüders bands revealed by etching after bending a square beam  













Chapter 2: MATERIAL CHARACTERIZATION 
Before delving into the behavior of tubes with Lüders bands under bending, it is 
important to understand and be able to model the performance of the material in a simpler 
setting. This chapter describes uniaxial tension tests on the steels that will be used in the 
tube bending experiments. The uniaxial tests are subsequently simulated numerically 
using a constitutive model with a softening branch. 
2.1 EXPERIMENTS 
All uniaxial tests were performed in standard testing machines (either servo-
hydraulic or screw type) under displacement control. The tests were performed at room 
temperate at the slow rate of 410/ L  s-1. About 70 tensile tests were performed on 
two materials: 1020 carbon steel and X-65 line-grade steel. Each experiment was 
performed at least three times and found to be repeatable. The 1020 steel specimens were 
0.3755.750 in (10146 mm) rectangular strips longitudinally cut out of the tubes that 
will be used in the bending experiments. The X-65 steel specimens (see Fig. 2.1) were 
machined from a plate, originally 3/4 in (19 mm) thick; they were extracted along the 
rolling direction. In addition to the stress-elongation responses, full-field measurements 
were obtained using brittle coating and digital image correlation techniques. 
Figure 2.2 shows a typical engineering stress–elongation response ( L  , L is 
the length of the test section) recorded in a uniaxial test with Lüders bands. The response 
is initially linearly elastic and the deformation is uniform along the specimen. Localized 
plastic deformation initiates at U  (upper yield stress) with a sudden drop in stress. 
Under displacement control, Lüders deformation spreads along the length of the 
specimen, while the stress remains essentially constant ( L  lower yield stress, or 
plateau stress). Part of the specimen has been plastically deformed to the Lüders strain (
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%58.2 L ) while the rest of it is still at the end of the linear elastic regime. Hence, 
the macroscopic effect of the material instability is inhomogeneous deformation. When 
the whole test section has been deformed to the Lüders strain, the material hardens and 
the specimen reverts to homogeneous deformation. For such a response, the yield stress is 
assigned the value of the plateau stress L  (45.1 ksi = 313 MPa). 
Figure 2.3 shows the continuation of this response until failure of the specimen. 
The material hardens from a strain of about 2.8% to 21.4%, deforming homogeneously. It 
reaches an ultimate stress of 59.8 ksi (412 MPa). Beyond this point, the specimen necks 
and failure occurs at 32.2% strain. 
The inhomogeneous nature of the deformation was illustrated by Kyriakides and 
Miller (2000) (see also Fig. 13.4 in Kyriakides and Corona, 2007) using tensile tests on 
strips made from similar steels. The strips were coated with Stresscoat, a brittle lacquer 
that shattered at a strain of about 1%, allowing one to differentiate between Lüders 
deformed material and undeformed material (difference in reflectivity between shattered 
and intact coating). 
A more quantitative analysis can be obtained using the Digital Image Correlation 
technique (DIC), which is a full-field non-contact image analysis method. Before the 
experiment, the specimen is sprayed first with white paint and then with black paint 
creating a stochastic intensity pattern on its surface (Fig. 2.4). The experiment is recorded 
on digital video or timed photography. After the experiment, a post-processing computer 
program compares the digital images with the first image (corresponding to the reference 
or undeformed state of the specimen) and calculates the displacement and deformation 
over the specimen for each image. The image comparison is based on the maximization 
of a correlation coefficient that is determined by examining pixel grayscale intensities 
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and extracting the deformation mapping function that relates the images. The method 
essentially tracks the grayscale intensities in small neighborhoods during deformation.  
DIC was used in experiment LU-P5. As expected, the stress-elongation response 
(Fig. 2.5) is initially linearly elastic, has an upper yield point followed by a stress plateau 
and then hardening. Figure 2.6 shows contours of axial strain obtained using DIC, 
corresponding to the locations marked on the response with numbered solid bullets. 
During the elastic regime, the deformation is homogeneous, as seen in configuration . 
The stress then reaches a local maximum, drops and starts to trace a plateau. In 
configuration , the left end of the specimen has been deformed to about 3%, which 
corresponds to the strain at the end of the stress plateau; the rest of the specimen is 
strained to less than 0.5%, still in the elastic deformation regime. From configuration  
to configuration  a relatively sharp inclined front separating the two strain levels 
(which remain constant) propagates at nearly constant speed, gradually consuming the 
specimen as the stress plateau is exhausted. By configuration , now in the hardening 
stage of the response, the specimen is seen to be deformed homogeneously again and 
from this point on, the specimen is deformed uniformly until a maximum stress is 
reached. 
The plastic deformation associated with Lüders banding generates some heat, 
which tends to heat up the specimen locally. Although at the slow rate at which the 
tensile tests were conducted the temperature increase was relatively small, it was possible 
to measure it using a Thermovision® SC4000/6000 infrared camera. The camera was set 
to monitor the complete gage length and this provided an alternative means of tracking 
the propagation of the Lüders deformation front. A sequence of recorded temperature 
contours that correspond to the numbered bullets on the response in Fig. 2.5 is plotted in 
Fig. 2.7. Although not as sharp as the front separating the two strain levels in Fig. 2.6, it 
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is possible to track the propagation of a region with slightly larger temperature (~0.5 oC 
difference) than its surroundings. Thus, the hottest region is seen in configurations  to 
 to propagate from left to right essentially in the same manner as the front in the strain 
contours in Fig. 2.6.  The front is not as sharp as in the DIC images due to the diffusive 
character of heat as opposed to lack of resolution in the readings. 
In the example presented above, the initiation of the Lüders bands occurred at the 
left end, followed by propagation of one front from left to right until the specimen is 
entirely consumed. Nevertheless, this is not always the case. As discussed by Kyriakides 
and Miller (2000), some tests have two (or more) fronts propagating from the ends of the 
specimen towards its center. Figure 2.8 shows DIC axial strain contours from an 
experiment that developed two fronts. It is interesting to note that the localization at the 
left end initiates along one of the characteristics but quickly switches to the other one (see 
also Shaw and Kyriakides, 1998). This minimizes the bending moment and keeps the 
specimen straighter, so it is often a preferred mode of deformation. 
2.2 NUMERICAL SIMULATIONS 
2.2.1 Constitutive Model 
Lüders banding is a dislocation governed material instability, which 
macroscopically manifests as discontinuous deformation. Simple considerations of 
dislocation motion put forward initially by Johnston and Gilman (1959) and expanded 
upon by Hahn (1962) demonstrated that up-down-up stress-strain responses could be 
derived from such a premise (see also Johnston, 1962). In this work, a simpler, 
phenomenological, but equivalent approach to this constitutive challenge is followed. An 
unstable material response is introduced over the extent of the Lüders stress plateau. The 
construction has a stress peak that is associated with the upper yield stress and a negative 
 
 12
slope over the length of the stress plateau. At the end of the measured stress plateau, the 
response reverts to stable hardening behavior thus producing the required up-down-up 
trajectory associated with propagating instabilities (see Kyriakides, 1993, 2001). 
Indeed, it has been demonstrated that an elastic-plastic constitutive model 
calibrated to such a response can reproduce quite faithfully several of the macroscopic 
effects of Lüders banding (Kyriakides and Miller, 2000; Corona et al. 2002; Aguirre et 
al., 2004; Kyriakides et al. 2008; see also Shaw and Kyriakides, 1998 and Shaw, 2000, 
who applied a similar model to propagation of phase transformation bands in a shape 
memory alloy during loading). Tsukahara and Iung (1998, 1999), Wenman and Plant 
(2006), Zhang et al. (2008) and Carr et al. (2009) adopted the same idea to simulate 
Lüders banding with finite elements. Itoh et al. (1992) used Hahn's constitutive equation 
to obtain an up-down-up material response. Yoshida (2000) and Yoshida et al. (2008) 
used a constitutive model with an exponential stress drop induced by multiplication of 
dislocations. Ballarin et al. (2009) adopted a similar strategy, using an exponential up-
down-up stress strain curve. Iricibar et al. (1977) used an up-down-up curve in the form 
of a "stress concentration factor" to explain the propagation of plastic deformation. 
Here, a similar constitutive framework is implemented. Thus, a measured 
engineering stress-strain response such as the one drawn in red color in Fig. 2.9 is 
modified as follows. The initial linear elastic branch with the measured modulus E is 
adopted. The elastic branch terminates at the upper yield stress that is 2  higher than 
the plateau ( L ) of the measured response. It is followed by a linear softening branch, 
which is drawn with a blue dashed line in the figure. Its termination point at the end of 
the Lüders stress plateau is at a level that makes the areas of the two shaded triangles 
equal (i.e., L  Maxwell stress, Ericksen, 1975; Abeyaratne and Knowles, 2006). 
Beyond this point, the fit follows the hardening part of the measured stress-strain 
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response (in piecewise linear manner). In summary, the material is modeled as a finitely 
deforming elastic-plastic solid that hardens/softens isotropically. The model is calibrated 
to the true stress-logarithmic strain version of the measured stress-strain response as 
shown in Fig. 2.9. 
It is well known that the introduction of softening in a constitutive model can lead 
to severe mesh dependence of FE solutions. Such is not the case for the up-down-up 
stress-strain response assumed here because it exhibits a relatively mild softening that 
lasts only for part of the deformation history. It will be demonstrated here that the 
simulation of tensile tests employing such constitutive modeling exhibits negligible mesh 
dependence. We have still opted, however, to regularize the problem by introducing 
“mild” rate dependence to the material (see Needleman, 1988; Nacar et al., 1989, among 
others). We introduce this rate dependence for numerical expediency even though we 
realize that the steels used in our experiments exhibit specific rate dependence. 
Furthermore, strain rate has been shown to affect the plateau stress especially when the 
rate is properly measured locally in the propagating Lüders front (e.g., Hall, 1970; 
Imamura et al., 1971). A more careful representation of rate dependence is left for a 





















.     (2.1) 
Here (

 ) represents a time derivative, o  is a reference strain rate, )(
p  is the 
measured stress-plastic strain relationship when o
p    , and m is the rate exponent. For 
the present materials ( p ) is the plastic strain version of responses like the one in Fig. 
2.9 measured at a rate of 1410  so . The rate exponent used is m = 0.001, which is 
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enough to regularize the numerical solution while simultaneously having only a small 
effect on the predicted events. 
2.2.2 Finite Element Model 
The axial response such as the one in Fig. 2.9 is now simulated numerically using 
a FE model of the axial strip tested. Lüders banding results in inhomogeneous 
deformation with jumps in strain of the order of the Lüders strain. As in Aguirre et al. 
(2004) and Kyriakides et al. (2008), we adopt ABAQUS’s incompatible elements C3D8I. 
These are linear elements enhanced to allow for the deformation gradient inside the 
element to vary while displacement continuity is maintained (see Wilson et al., 1973; 
Ortiz et al., 1987; Nacar et al., 1989; Simo and Armero, 1992). In order to avoid any 
directional bias a uniform isotropic mesh is used (see Fig. 2.10). The mesh adopted has 
two elements through the thickness of the strip, 14 elements along the width and 132 
along the length. This density was arrived at from a convergence study that will be 
discussed later in this section. The model is fixed at the left end while the right end is 
restrained in the y- and z- directions and is assigned displacement at constant rate in the x-
direction ( 410/ L  s-1 as in the experiments). These boundary conditions induce 
stress concentrations that trigger localization at both ends of the strip, which occurs along 
two characteristics as seen in Fig. 2.11 (the bands are inclined at ±55± to the direction of 
loading: see Bijlaard, 1940; Hill, 1948; and discussion by Shaw and Kyriakides, 1998). In 
order to initiate a single band, two elements through the thickness on the lower left corner 
of the strip have U  reduced by 2%. 
2.2.3 Initiation of Localized Deformation 
The finite element model described above is used to simulate Exp. LU-P5. The 
material response adopted in this simulation is the one drawn with a blue dashed line in 
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Fig. 2.9. Aguirre et al. (2004) pointed out that the slope of the softening part of the 
assumed response or, alternatively, the assumed  L  (see Fig. 2.9) must be within a 
certain range.  L  0.148 was found to give good results in this case. 
Figure 2.12a shows an expanded view of the initial part of the stress-elongation 
response. Marked on it with solid bullets are 4 points that will help follow the events that 
take place during the initiation of plastic deformation. Localized deformation starts at 
point A, when the two weaker elements are plastically deformed. Figure 2.12b shows a 
set of three deformed configurations of the strip, corresponding to the bullets on the 
response. The color contours represent the equivalent plastic strain. At point B the 
elements at the four corners of the model have been plastically deformed due to stress 
concentrations. The response reaches a local maximum at C and the deformation 
localizes along two characteristics at both ends of the model. The plastic strain in these 
bands is about 0.10% (or 0.36% total strain). Beyond this point, the stress drops and all 
plastic deformation localizes in one of the characteristics on the left side of the model. 
2.2.4 Propagation of Localized Deformation 
Figure 2.13 shows the calculated stress-elongation response with the elongation 
normalized by the gage length (drawn in blue color). Figure 2.14 shows a set of nine 
deformed configurations of the strip, corresponding to the numbered bullets on the 
response (color contours represent the equivalent plastic strain). The stress-elongation 
response is seen to reproduce the main features of the corresponding measured response: 
the initial stress maximum, the level of the stress plateau that follows and the subsequent 
stable branch are reasonably well reproduced. The extent of the stress plateau is a little 
longer in the simulation. This increase is proportional to 
 
 and inversely proportional 
to the slope of hardening stage. The configurations in Fig. 2.14 show localization first 
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occurring at the left end of the strip and gradually spreading along the length. 
Configuration , still in the linearly elastic part of the response, is free of Lüders bands. 
In configuration , two distinct zones of deformation have developed joined by an 
inclined front; the Lüders deformed zone is at about 3% while the rest is still at the end of 
the linearly elastic part of the response (0.26%). The front propagates at constant velocity 
along the length of the model while the stress remains essentially unchanged. The 
propagation of the front continues in configurations  to  gradually deforming the 
specimen. The stress plateau is exhausted when the left end is reached in configuration 
; the material then enters the hardening regime and the specimen is seen deforming 
homogeneously again. 
2.2.5 Local Response 
A representative true stress-equivalent plastic strain response at an integration 
point is shown in Fig. 2.15. The local response follows the prescribed material curve for 
the most part, except at the transition between the softening regime and the hardening 
stage. Figure 2.16a and 2.16b contains the history of true stress and equivalent plastic 
strain as a function of time for the same integration point (see element in white in Fig. 
2.16c). The stress at this integration point initially increases linearly, subsequently 
remaining constant during the propagation of the Lüders bands on the left of the element. 
The equivalent plastic strain at the integration point is zero during this stage. At t = 140 s, 
the front approaches the integration point. The stress then follows the up-down-up 
trajectory as the equivalent plastic strain increases from zero up to the Lüders strain (see 
Fig. 2.16b). It takes about 10 s for the front to pass this integration point. After that, the 
stress and the strain remain essentially constant as the front is propagating to the right of 
this point. The stress increases after the entire strip is Lüders deformed. 
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2.2.6 Influence of the Mesh 
At this point, it is important to investigate the sensitivity of the simulation to the 
mesh. Three other isotropic meshes were considered that had 1, 4 and 8 elements through 
the thickness with a total of 462, 29,586 and 236,544 elements respectively. The 
corresponding stress-elongation responses are presented in Fig. 2.17. The only noticeable 
differences occur in the transitions between the linearly elastic and Lüders propagation 
regime and between the Lüders propagation and (homogeneous) hardening regime. 
Furthermore, the largest change occurs when comparing the mesh with one element 
through the thickness with the other meshes. The more refined meshes have essentially 
the same response as the mesh with element size t/2.  
More interestingly, Fig. 2.18 shows that the front width is essentially the same for 
meshes with element sizes t/2, t/4 and t/8. The mesh with element size t is not able to 
resolve the strain gradient in the front. Figure 2.19 shows a photomicrograph of the grain 
distribution representative of the steels being analyzed. The grain size is of the order of 8-
20 m. Drawn in the micrograph is a square frame with 120 m sides, which corresponds 
to the size of the element of the most refined mesh considered (t/8). The element is seen 
to cover about 8 grains indicating that this mesh is quite fine. Since no mesh dependence 
was observed we conclude that the problem does not appear to exhibit any mesh 
dependence. Furthermore, as seen in Fig. 2.20, this result does not depend on the rate 
exponent either. These analyses show that the up-down-up stress-strain response does not 
present the same pathological mesh dependence obtained when using softening in other 
localization problems. Shaw and Kyriakides (1997) and Shaw (2000) simulated the 
behavior of thin uniaxial NiTi strips using up-down-up stress-strain curves and noted that 
the strip thickness was the relevant continuum length scale of interest. They did not 
observe any mesh dependency either. 
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2.2.7 Front Width 
The width of the front in the model is approximately 2t. The precise geometric 
characterization of the front is left for a future study but, from the present results, it is 
clear that the width is influenced by the thickness while the angle of the propagating front 
is governed by the constraint that the strain along the band be zero. Experimental results 
confirm the dependence of the front width on the geometry of the specimen when the 
thickness is large compared to the grain size (Hall, 1950; Moon, 1971; Fujita and 
Miyazaki, 1978). Lomer (1952) already observed that the grain size affects the sharpness 
of the Lüders bands but that the band pattern depends primarily on the specimen size and 
shape. Van Rooyen (1968) measured the strain distribution in a propagating Lüders front 
and observed that the effective width of the front is proportional to the thickness of a strip 
specimen. Ananthan and Hall (1991) observed that the nature of the band front depends 
on the geometry of the cross-section of the specimen. 
2.2.8 Conclusion 
The results of the finite element numerical simulations confirm that the 
deformation during Lüders banding, characterized by a propagating narrow angled front, 
is strongly influenced by overall geometric (structural) effects, suggesting that continuum 
level events are dominant, regardless of the micromechanical mechanisms involved in 
Lüders banding. A continuum constitutive model with softening over part of the material 



















Fig. 2.2 Stress-elongation response of a carbon steel exhibiting Lüders 





Fig. 2.3 Stress-elongation response of a carbon steel exhibiting Lüders 








    (b)       (c) 
Fig. 2.4 (a) Stochastic pattern on the surface of specimen LU-P4, (b) 100 x 100 pixels window and  









Fig. 2.6 Contours of axial strain for Exp. LU-P5 (numbers  




Fig. 2.7 Surface temperature for Exp. LU-P5 (numbers correspond 

































Fig. 2.11 Contours of equivalent plastic strain showing localization along both characteristics 
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Fig. 2.14 Calculated deformed configurations corresponding to response in Fig. 2.13. 










   
(a)        (b) 
 
(c) 
Fig. 2.16 History of true stress and equivalent plastic strain at an integration point. (a) history during propagation of the 
front along the specimen; (b) stress and strain when the front is passing the integration point and (c) contours 















Fig. 2.19 Photomicrograph showing grain size of steel of tube used in Exp. LU11-5. Included for comparison is the outline 





Fig. 2.20 Lüders front shape calculated with and without rate dependence. 
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Chapter 3: BENDING EXPERIMENTS 
The effect of Lüders banding on the response of steel tubes under pure bending 
was investigated experimentally. In this chapter, the experimental facilities and 
procedures used are first described followed by the experimental results and main 
observations.  
3.1 BENDING SPECIMENS 
The experiments were carried out on low-carbon steel (CS) 1020 tubes with 
nominal diameters (D) of 1.25 and 1.375 in (32 and 35 mm) and D/t values in the range 
of 14.7 to 33.2. They were manufactured by electric-resistance welding (ERW) followed 
by DOM (drawn over mandrel process). In view of this cold forming process in the as-
received state the materials have a monotonic stress-strain response. In order for the 
Lüders bands to reappear the tubes were thus heat-treated in a vacuum furnace (Bodycote, 
Houston, TX). The heat treatment consisted of heating the tubes to 1292oF (700oC) 
maintaining this temperature for 40 minutes and then quenching the tubes (see Figs. 3.1 
and 3.2). This treatment also lowers the yield stress and increases ductility (see a typical 
stress-elongation response of heat treated tubes in Fig. 3.3). Following the heat treatment 
the tubes developed Lüders strains in the range of about 1.8% to 2.7% and yield (plateau) 
stresses in the range of 32-52 ksi (220-358 MPa).  
Tensile tests were performed on 0.3755.750 in (10146 mm) longitudinal strips 
cut out of the heat-treated tubes during the course of this investigation. The tensile tests 
were conducted under displacement control at a strain rate of 10-4 s-1 (when deformation 
is uniform). In addition to the stress-elongation responses, full-field measurements were 
obtained using brittle coating and digital image correlation techniques. More details about 
these tests were presented in Chapter 2. 
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3.2 EXPERIMENTAL FACILITIES 
3.2.1 Four Point Bending Machine 
The heat-treated tubes were bent to collapse in the custom four-point bending 
facility shown in Fig. 3.4 (see Corona and Kyriakides, 1988; Kyriakides and Corona, 
2007). The bending machine consists of two free-turning sprockets mounted on two stiff 
support beams. Heavy chains run around the sprockets and are connected to two actuators 
and in-line load cells to form a closed loop. Solid steel extension rods are closely fitted 
into each end of the tube and the assembly is mounted onto the bending machine. The 
solid rods engage smooth rollers housed in each sprocket assembly as shown in the 
figure. The machine is activated by simultaneously contracting one of the cylinders and 
extending the other, in the process rotating the sprockets and the solid rods. The roller 
arrangement allows an essentially four-point bending loading of the tube and the required 
inward translation of the rods. A "hard" machine is essential for testing structures beyond 
limit loads so the device was designed to be stiff relative to the test specimens.  
The bending machine is operated by a closed-loop, servo-controlled system, 
shown schematically in Fig. 3.5, that can be run under either moment or rotation control 
(Corona and Kyriakides, 1991). The present experiments were run under rotation control 
at a rate that corresponds to a maximum bending strain rate of 10-4 s-1 (for uniform 
deformation).  
The applied moment (M) is monitored by the in-line load cells shown in Fig. 3.4a, 
and rotary transducers (RVDTs) record the rotation of the sprockets (  ,  =1,2). While 









where L2  is the effective length of the specimen. The transducer signals },,{ 21 M are 
monitored through a computer-operated data acquisition system. 
The moment capacity of the bending machine is 15,000 lb-in (1,700 N-m) and the 
maximum combined rotation of the sprockets is 120 degrees, determined by the full 
stroke of the cylinders (10 in––254 mm). 
3.2.2 Ovality and Wrinkle Measuring 
The change in diameter was monitored during some experiments with lightweight 
transducers riding on the deforming tube. Such transducers (see Fig. 3.6a) consist of a 
lightly spring loaded slide that engages the tube with knife-edges and measures 
continuously the diameter (Kyriakides and Corona, 2007). 
A high resolution scanning transducer, shown in Fig. 3.6b, was used to measure 
the axial profiles of wrinkles after the experiments (see Kyriakides and Corona, 2007). 
3.2.3 Video Recording 
The global deformation of the deforming tube was monitored and recorded using 
a high-resolution color digital video camera (Sony XCD-U100CR). The camera employs 
the IEEE 1394.b interface, which attains data-transfer rates of up to 800 MB/s. The 
experiments were recorded at 2 frames/s in 16001200 pixels (UXGA). 
3.2.4 Brittle Coating 
A brittle coating, Stresscoat SK-80F, was used in the present study to make 
observations of the initiation and evolution of Lüders bands in several tube bending 
experiments. A thin layer of brittle coating (~0.004 in - 100 μm) sprayed on the tubes 
before the test was cured at about 120 oF (49 oC) for 24 hrs. After it is cured, the coating 
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is a brittle ceramic that shatters when strained sufficiently either in tension or 
compression (~±1% strain) thus mapping localization bands on the surface of the tube. 
3.3 EXPERIMENTAL PROCEDURES 
For each tube D/t family, several 36 in (0.9 m) long specimens were cut from 20 
ft long (6 m) mother tubes and sent for heat-treatment. A section about 8 in (200 mm) 
long was removed from each heat-treated tube from which narrow axial strips were 
extracted. Such strips were tested in tension, recording the stress-strain response of the 
material up to failure. The remainder of each tube was used in the bending experiment 
usually resulting in a 15D long test section (note that part of the specimen length engages 
the solid rod inserts). 
Before bending measurements of the geometry of each tube were made. Several 
diameter measurements were taken at 4.0 in (100 mm) intervals along the length of the 
tube and the average value of the measurements is listed under D in Table 3.1, while o  
represents the initial ovality. The wall thickness was measured at the two ends, and t in 
Table 3.1 represents the average value for each tube. It is noteworthy that because of the 
manufacturing process used for this class of tubes, the wall thickness was consistently 
uniform around the circumference. 
The data and video acquisition systems were then prepared and an initial reading 
was taken as reference. Subsequently, the test specimen was fitted with the solid rod 
extensions and mounted on to the bending device. The tube was bent until localized 
collapse initiated. Because of the relatively large rotations that are required to take most 
of the tubes to collapse, the weight of the rods and friction in the rollers had to be taken 
into account. The process for correcting the moment-rotation data measured is described 
in Appendix A. 
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3.4 EXPERIMENTAL RESULTS 
Several bending experiments were conducted for each of five tube D/t values in 
the range of 14.7-33.2. Here, for brevity, results from eight representative tests, at least 
one from each D/t considered, will be discussed. The main geometric and material 
parameters of the eight specimens are listed in Table 3.1. 
3.4.1 Bending of a Tube with a Monotonic Stress-Strain Response 
Figure 3.7 shows a typical moment-curvature response of a tube that has a 
monotonic stress-strain curve (see LU3-0 in Fig. 3.3). The response exhibits a linearly 
elastic regime, which gradually becomes nonlinear initially because of the induced 
ovalization and later due to material nonlinearity. The increasing ovalization gradually 
reduces the bending rigidity and eventually a limit moment is attained (identified with a 
caret “^”). The tube has uniform curvature up to the limit load. Beyond this point, it 
develops initially a diffuse localized ovalization that extends over a length of few 
diameters, which subsequently sharpens into local inward kink.  
3.4.2 Bending of Tubes with Lüders Bands  
a. D/t = 24.3, L = 1.89% 
The main features of the bending experiments of tubes with Lüders bands will be 
discussed by comparing results from two experiments on tubes of the same D/t = 24.3: 
LU9-1 and LU3-3. Their stress-strain responses, shown in Fig. 3.8, have the same elastic 
modulus ( E ), plateau stress ( L ) and hardening behavior but have different Lüders 
strains ( L ): LU9-1 has %89.1L  while LU3-3 has %55.2L  (see Table 3.1). 
Figure 3.9 shows the measured moment vs. the average of the two rotations recorded by 
the RVDTs, L , for LU9-1. (We note that, when the tube deformation is uniform the 
curvature of the tube is given by LL  ). The moment is normalized by the fully 
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plastic moment tDM oLo
2(  , )tDDo   and the average rotation by 
2
oDtL  
)( 1L . Figure 3.10 shows a set of nine full-span deformed configuration of the tube 
that correspond to the locations marked on the response with numbered solid bullets. 
The overall behavior is very similar to that described in Kyriakides et al. (2008) 
for a thicker tube. The moment-rotation response exhibits an initial stiff and linear 
behavior corresponding to the linearly elastic regime of the material. The tube bends 
uniformly, as confirmed by configuration  in Fig. 3.10, approximately with the elastic 
bending rigidity of the tube (EI). The moment attains a local maximum of oMM 04.1  
and then drops sharply down to a value that is close to oM , where it starts to trace a 
somewhat ragged moment plateau. The moment plateau and its level are equivalent to the 
Lüders stress plateau in the uniaxial tension test. Indeed, as is often observed during the 
initiation of Lüders banding in a uniaxial test, some nonlinearity in the moment-rotation 
response is seen to occur just prior to the moment maximum, indicating that a limited 
amount of Lüders banding has already initiated. Most probably, this takes place adjacent 
to the ends of the solid rod inserts where some stress concentrations are unavoidably 
present. The moment drop is a definite sign that an instability has initiated. As we will 
see in the next section, Lüders deformation nucleates in the form of bands that are 
inclined to the axis of the tube on the top and bottom surfaces (see also Aguirre et al., 
2004). The more macroscopic effect of the nucleation of the bands is the localization of 
curvature initially in a zone approximately 2D long; in other words, a zone that is bent to 
a higher curvature than the rest of the structure. In the present experiment, this first 
occurred at the two ends of the tube close to the interface with the solid rod inserts (that 
penetrate 3.2D into the tube) as illustrated by configuration . As L  increases, zones of 
higher curvature spread inwards, first from the RHS (see ) but subsequently from the 
LHS also (see  and ). So in configuration  the two zones of higher curvature 
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become apparent with the middle section of the tube having a visibly smaller curvature 
(approximately EIM o ). In configuration  the two zones of higher curvature have 
propagated towards the center. The gradual spreading of the two higher curvature zones 
continues in configuration . Their growth is not necessarily continuous but instead one 
side propagates some distance and stops, then the other side propagates and so on. This 
starting, stopping and restarting of propagation is responsible for most of the jaggedness 
of the moment plateau as each restart involves re-initiation of the Lüders banding. By 
configuration , the higher curvature has spread to essentially the whole tube. The end of 
the stress plateau is characterized by a small dip in the moment, which is associated with 
the meeting of the two propagating fronts of Lüders deformation. Such “load” troughs are 
commonly observed at the termination of “load” plateaus in other systems that experience 
propagating instabilities (e.g., see Shaw and Kyriakides, 1997; and Kyriakides and 
Miller, 2000, for tension tests on NiTi and steel strips respectively). 
It is interesting to note that the curvature at the termination of the plateau 
approximately corresponds to the curvature of the localization induced by Lüders 
banding. The end of the plateau occurred at a curvature of 144.1   . This corresponds 
to a maximum bending strain of 3.22% in the outermost fibers of the tube. By contrast, 
the end of the Lüders stress plateau in the uniaxial tension test occurred at a strain of 
1.89%. This difference indicates that for bending localization triggered by the Lüders 
deformation to take place, more than just the fibers furthest from the neutral axis of the 
tube must be involved. 
Subsequent to the last moment dip, the moment increases monotonically and the 
curvature of the tube grows uniformly as seen in configuration , signs that a significant 
part of the material has now entered the stable, monotonically increasing part of the 
stress-strain response. Throughout this bending history, the tube cross section has been 
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ovalizing locally during the moment plateau and subsequently uniformly (see results for 
LU10-2 that follow). Thus, at some point during the uniform bending phase further 
increase in the moment becomes impossible, and a limit moment is reached at a value of 
oMM 09.1  and a curvature of 185.1    (marked in Fig. 3.9 with a caret “^”). 
Beyond this point, localized diffuse ovalization develops about four diameters from the 
RHS end of the tube (see configuration ). In other words, the structure is collapsing and 
the test is terminated. The tube behavior during this part of the response is similar in most 
respects to that seen during the bending of tubes with a monotonically increasing material 
response like that shown in Fig. 3.7 (see also Kyriakides and Ju, 1992, and Ch. 8 in 
Kyriakides and Corona, 2007). 
In the way of highlighting the inhomogeneous deformation that develops during 
the moment plateau, several of the video images were used to quantify its extent. To this 
end, deformed tube images like the ones in Fig. 3.10 (1600×1200 pixels) are first 
converted into grayscale and then using an edge detection program, developed in 
MATLAB, the edges are located and then smoothened producing results like those in 
Figs. 3.11a and 3.12a that correspond to configurations  and  in Fig. 3.10. The slope 
)(s  of each edge is then calculated and once again smoothened. Figures 3.11b and 3.12b 
show the mean of the two )(s  loci calculated from each configuration as a function of 
the natural coordinate s. Since the local curvature of the tube is dsd  , a linear )(s  
trajectory represents a uniformly bent tube, as indeed is the case for configuration  in 
Fig. 3.12b. By contrast, )(s  in Fig. 3.11b is essentially trilinear with a central section 
with a low slope and two outer sections with a common higher slope. In this 
configuration, the relatively undeformed portion covers approximately one-third of the 
tube test section. It is important to note that the smaller slope corresponds to a curvature 
of 110.0   , a value that is close to that of the first moment maximum. By contrast, the 
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larger slope corresponds to 136.1   , a value that is approximately equal to the 
curvature at the end of the moment plateau. By configuration , essentially all of the test 
section has been deformed to this value reflected in the nearly linear )(s  trajectory in 
Fig. 3.12b. Clearly, this scheme, although laborious, can be used to monitor 
quantitatively the evolution of inhomogeneous bending in such experiments. 
 
b. Ovalization of Tube Cross Section 
As is well known, bending induces ovalization to the cross section of a tube, a 
nonlinearity that tends to reduce its bending rigidity and can lead to a limit load 
instability. It is thus worth examining how ovality evolves in tubes that experience 
Lüders bands induced localized bending of the type described in the previous section. To 
this end, separate experiments were conducted on tubes with Lüders bands in which the 
change in diameter in the plane of bending was monitored at two locations along their 
length. Results from one of these experiments, LU10-2, from a tube with similar 
geometric and material parameters as those of LU9-1, will be used to demonstrate the 
evolution of ovalization (main problem parameters listed in Table 3.1). Figure 3.13a 
shows the recorded moment – end-rotation response, which is very similar to the one of 
LU9-1 in Fig. 3.9. Figure 3.13b shows the change in diameter ( DD ) as a function of 
the end-rotation at points A and B located at the axial positions marked in the schematic 
of the tube included as an inset. The change in diameter was monitored with lightweight 
transducers like the one in Fig. 3.6a, riding on the deforming tube.  
The evolution of deformation in this tube was in most respects similar to that of 
LU9-1. As the moment plateau is traversed, localized curvature develops close to the two 
ends approximately in the same manner as shown in Fig. 3.10. Simultaneously, the 
central section of the tube remains essentially at the curvature that corresponds to the first 
 
 48
moment maximum ( 1.01  LL ). During the initial homogeneous phase of bending 
(I), the tube deforms uniformly and the two transducers record the same change in 
diameter (too small for the scale of Fig. 3.13b). As the end-rotation increases, the zones 
of larger curvature propagate inwards. After the first moment maximum, transducer A in 
the neighborhood of the localizing zone on the RHS experiences the higher curvature 
early in the bending history and D  is seen to increase between 1 LL  of 0.4 and 0.8. 
Subsequently, the local ovality stays nearly constant until the end of the moment plateau 
is reached at 5.11  LL . By contrast, during most of this bending history transducer 
B near the mid-span records essentially no change in D . The ovality at this location 
only starts to grow for 2.11  LL  as the larger curvature regime approaches it (note 
that the transition between the two deformation regimes is about D long). By the end of 
the moment plateau, D  at B has increased to the same level as that of location A. 
During the subsequent uniform bending phase (III) the two transducers record 
very similar values of D . Following the moment maximum at 9.11  LL , 
deformation localizes once more, this time close to the end of the tube on the RHS. 
Consequently, site A experiences an acceleration in the growth of D  while at site B it 
stops growing registering a small decrease in D  because of the dropping moment (see 
similar results at the end of a bending test on a hardening material tube in Fig. 2.20b of 
Kyriakides and Ju, 1992). Marked with vertical dashed lines in Fig. 3.13b are the 
boundaries of the four regimes of behavior. Regimes I and III represent homogenous 
deformation and II and IV inhomogeneous. In summary then, the inhomogeneous 
bending that results from Lüders banding induces in turn inhomogeneous ovalization. 





c. D/t = 24.3, L = 2.55% 
Turning now to results from Exp. LU3-3, its geometric and material 
characteristics are essentially the same except that the material exhibits a longer Lüders 
plateau of %55.2L . The measured moment-end rotation response is shown in Fig. 
3.14 and a set of full-span deformed configurations corresponding to it in Fig. 3.15. 
Initially, the response and deformation are similar to those in Figs. 3.9 and 3.10: the tube 
bends uniformly in the elastic range (configuration ); a local maximum of 
oMM 09.1  is attained, followed by a ragged plateau at a level of nearly oM . Lüders 
banding nucleates essentially simultaneously at the two sites adjacent to the solid rod 
inserts; this leads to localization of curvature at these sites that can be seen in 
configuration . As the end-rotation continues to increase, the two higher curvature 
zones propagate inwards, as evidenced in images  to . By configuration , the 
growth of the higher curvature zones appears to start to give way to an increase of the 
ovalization at the RHS site. This local reduction in bending rigidity causes an initially 
gradual drop in the moment, which after configuration  becomes more precipitous. The 
tube now clearly is collapsing at this site by diffuse ovalization that extends over a 
section approximately 5D long. This has occurred even though more than half of the tube 
remains in the lower curvature regime. Further rotation causes the localization to sharpen 
into a local kink. To avoid further damage the test was terminated, the structure was 
unloaded, and the specimen removed from the bending machine. The onset of collapse, 
designated in Table 3.1 as CO L1, is at 1.56. 
Figure 3.16a shows configuration  with its edges marked and Fig. 3.16b shows 
the calculated slope )(s . The trilinear nature of )(s  is a quantitative verification of the 
coexistence of two curvatures. Once again the central portion has a curvature that 
corresponds to the beginning of the plateau ( 112.0   ). By contrast, the curvature at 
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the two ends is approximately 195.1   , a value that does not appear in Fig. 3.14 
because it could not be sustained for longer domains than the ones seen in image . 
A photograph of the specimen following unloading is shown in Fig. 3.17. 
Indicated with arrows are the edges of the test section. Also visible is a section of about 
5D long that experienced the severe local ovalization associated with the collapse of the 
structure. Interestingly, the central lower curvature section has sprung back to a nearly 
straight configuration. This is the case for a section of about 3D long at its center while 
sections further out have a very small curvature indicating that they had experienced a 
small amount of plastic deformation. Clearly, in this case, the higher Lüders strain made 
the structure less stable. It appears that the higher curvature induced by Lüders banding 
could not be sustained by the whole structure. Accordingly, when a critical length of the 
tube was deformed to the corresponding curvature, it collapsed. Undoubtedly, this is an 
undesirable consequence of the larger Lüders strain that limits the performance of the 
structure and must be understood. 
3.4.3 Summary of Results of Additional Experiments 
Results from five additional experiments with D/t ratios in the range of 14.7 to 
33.2 will now be briefly outlined concentrating on similarities and differences from the 
two cases presented in Section 3.4.2. The main geometric and material parameters of the 
tubes are summarized in Table 3.1. The stress-strain responses of the five tubes appear in 
Fig. 3.18 where they are identified by the LUx-y experiment number listed in Table 3.1. 
All responses exhibit Lüders stress plateaus of different levels and different extents 
(respectively listed under L  and L  in the Table). However, the five responses have 
very similar hardening. The moment-end rotation responses of the five new cases appear 
in Fig. 3.19. Each response is identified by the tube D/t and the extent of the Lüders 
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strain, L  in %; thus for example, the response of LU4-3 is depicted as 18.8:1.8. Each 
of these experiments was repeated at least twice more and found to be repeatable, with 
the exception of the thinner ones where initial geometric imperfections can influence 
collapse. 
All tubes exhibit a linearly elastic regime that terminates when localization 
commences at the first moment maximum. The normalization adopted does not capture 
differences in the elastic bending rigidity and thus the different initial slopes. All cases 
developed moment plateaus at the level of about Mo during which Lüders banding and 
localized bending of the type reported in Figs. 3.10 and 3.15 took place. For two cases, 
14.7:2.4 (LU7-3) and 18.8:1.8 (LU4-3), the plateaus are fully developed, the tubes then 
enter the hardening regime, and eventually collapse by localized diffuse ovalization. In 
other words, similar to LU9-1 (see Figs. 3.9 and 3.10) and LU10-2 (Fig. 3.13a) these 
tubes survived the inhomogeneous bending phase and returned to uniform stable bending. 
Subsequently, they collapsed following the natural limit moment instability induced by 
ovalization (marked by “^” on these responses). The normalized curvatures at the limit 
moments, 1L , listed in Table 3.1 are numerically similar for the four cases. However, 
the curvature ( L ) and the maximum bending strain ( bL ) are different; they increase 
significantly as the D/t decreases as illustrated in Fig. 3.20a that shows three of these 
specimens. 
The responses of the remaining three specimens 33.2:2.2 (LU11-1), 26.8:2.2 
(LU12-1), and 18.6:2.7 (LU5-3) were terminated by local structural instabilities that 
occurred during the inhomogeneous bending deformation phase (i.e., similar to LU3-3). 
For the higher D/t tubes like LU11-1, initially pockets of wrinkles appeared along the 
whole length of the tube. Deformation localized at one end and spread over a very short 
length of the specimen. This caused the amplitude of wrinkles in this zone to grow 
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quickly with one of them localizing resulting in collapse (see Fig. 3.21a). This pocket of 
wrinkles and the localization of one of them are captured in the photograph shown in Fig. 
3.21b. The length of the specimen that sustains the larger curvature depends on the 
Lüders strain and the D/t. Thus, for the high D/t specimen in Fig. 3.21a it is quite small. 
The four specimens that collapsed before reaching homogeneous deformation are shown 
together in Fig. 3.20b. The critical Lüders deformed length is seen to increase as the D/t 
decreases. By contrast, the sections unaffected by Lüders banding are seen to remain 
essentially straight and circular. 
As mentioned earlier, the response of tubes with higher D/ts can also be 
influenced by small initial geometric imperfection. The effect of imperfections is 
illustrated in Fig. 3.22 that shows moment-rotation responses from three tubes that 
originated from the same mother tube, LU12. The otherwise identical tubes collapse at 
different rotation levels, presumably because of small differences in initial imperfections. 
3.4.4 Visualization of Lüders Bands in Bent Tubes 
A number of separate experiments were performed on tubes of two different D/t 
values aimed to capture the onset and evolution of Lüders bands using specimens coated 
with the brittle coating Stresscoat. The following summarizes the observations made 
from this effort. The brittle coating shatters when it is strained to a value of about ±1.0%. 
Thus, immediately after the first moment drop, narrow bands of shattered coating 
inclined at   to the axis of the tube show up on both the compressed and tensioned sides 
of the specimen at the site where Lüders banding initiates. As mentioned above, for 
higher D/t tubes pockets of wrinkles initiate early in the bending history. As Aguirre et al. 
(2004) showed, pockets of Lüders bands tend to initiate at peaks of such wrinkles. Figure 
3.23a shows several clusters of Lüders bands that initiated in a tube with D/t = 33.1 while 
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Fig. 3.23b shows a close-up of one of the pockets (geometry and material properties 
similar to those of LU11-1). Initially, the bands are a fraction of a millimeter wide (~0.5 
mm), make angles that range between ±(45-55)o with the axis of the tube and cover about 
120o sectors. We note that the shattering of the Stresscoat is sensitive to its thickness. 
Since the coating was applied by manual spraying, its thickness varied to some degree 
and this is probably responsible for partial development of some of the bands in the two 
images. It is not clear if this band width is influenced by the shattering mechanism of the 
coating. This issue requires further investigation. 
In this experiment, localized bending developed close to one end of the specimen 
and consequently Lüders banding concentrated at this site. New bands appeared here 
while the width of the initial bands grew covering a zone that was about 2D long. As this 
zone spread, inclined bands initiated at both of its ends. As was the case for LU11-1, the 
high curvature could not be sustained over a long span and the tube collapsed in a similar 
manner to that shown in Fig. 3.21. One of the edges of the high curvature zone can be 
seen in the upper ends of both images in Fig. 3.23. 
3.4.5 Bending Induced Wrinkling 
All tubes tested developed wrinkles. For the higher D/t cases, the wrinkles were 
more pronounced while for the lower values less so and appeared mainly in the 
localization sites. The wavelengths of these wrinkles were measured usually at the 
termination of the test. Figure 3.24 shows a histogram of the half wavelengths  
measured for the five tube D/t families tested (normalized by Dt ). The wavelengths are 
in the range of 0.24.0  Dt , which is very similar to corresponding results 
reported in Aguirre et al. (2004) for tubes with D/t = 27.2. This wide spread in the 
wavelengths recorded is at variance with similar measurements performed in bending 
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experiments on tubes with monotonically increasing stress-strain responses where the 
scatter is only of the order of a few percent (e.g., see Fig. 5 in Ju and Kyriakides (1992) 
and Fig. 1 in Corona et al. (2006)). The large scatter in the present measurements may be 
related to the fact that at the time of the initiation of the wrinkles the material did not 
have a characteristic modulus. Included in the figure is the wavelength of axisymmetric 
elastic buckling modes under axial compression, which is independent of the modulus 
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Interestingly, e  falls close to the most commonly occurring wavelengths. (Note 
that e  does not differ significantly from the corresponding half wavelength of elastic 
wrinkles formed under bending—see Fig. 6 in Ju and Kyriakides, 1992). In view of this 
trend and lacking a better alternative, the tubes analyzed in the next chapters will be 
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Fig. 3.4 Schematics showing the pure bending testing facility used in the experiments. 
















Fig. 3.6 (a) Instrument for measuring D  at a fixed axial location. 



















Fig. 3.10 Sequence of specimen bent configurations for Exp. LU9-1 







Fig. 3.11 Configuration  in Fig. 3.10. (a) Specimen edges and  








Fig. 3.12 Configuration  in Fig. 3.10. (a) Specimen edges and  








Fig. 3.13 Results from bending experiment on LU10-2: (a) moment vs. end-rotation 









Fig. 3.15 Sequence of specimen bent configurations for Exp. LU3-3  








Fig. 3.16 Configuration  in Fig. 3.15. (a) Specimen edges and  










Fig. 3.17 Tube from Exp. LU3-3 showing localized ovalization on the LHS, high curvature on the 


















Fig. 3.20 Photographs of a set of tubes of various D/t ratios and Lüders strains. 
(a) Tubes that survive the inhomogeneous deformation phase and  








Fig. 3.21 Photograph of specimen from Exp. LU11-1. (a) Localized buckling and  





Fig. 3.22 Moment vs. end-rotation responses of experiments from a relatively high D/t tube where initial 







Fig. 3.23 Photograph of specimen Exp. LU11-5 showing Lüders patterns on 
compressed side of the tube. (a) Clusters of Lüders bands and 






Fig. 3.24 Histogram of wrinkle wavelengths for tubes from five tube D/t families tested. 
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Chapter 4: BENDING SIMULATIONS 
The experiments presented in Chapter 3 are now simulated with finite element 
models, together with the constitutive modeling developed when simulating tensile tests 
with Lüders bands (Chapter 2). The models used are described in detail, including the 
geometry and boundary conditions employed, the element type and discretization 
adopted, initial geometric imperfections and the constitutive model. 
4.1 FINITE ELEMENT MODEL 
In the experiments, the ends of the test specimens were radially restrained by the 
solid rod inserts. This constraint was sufficient to cause the initiation of Lüders banding 
and the associated localized curvature close to the ends of the tubes in all cases. Rather 
than simulate the experiments exactly, a somewhat idealized model geometry is adopted, 
that can also be used to study the problem parametrically. Thus, a section of tube of 
radius R, wall thickness t, and length 2L is loaded under pure bending. Symmetry about 
the mid-span (plane y-z) and about the plane of bending x-z is assumed; therefore, 
consideration of only one-quarter of the tube suffices (Fig. 4.1). As is customary in 
plastic bending (Ju and Kyriakides, 1992), the model is assigned a small initial localized 
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Motivated by the experimental observations, and in the absence of a better alternative,   
is assigned the value of the elastic buckling mode given in Eq. (3.2). In order to 
encourage the anticipated localization to initiate at mid-span, the imperfection has a bias 
 
 81
that dies exponentially away from 0x  with   controlling the rate of decay. In the 
results that follow unless otherwise stated 100 . Figure 4.2 shows that such a rate of 
decay translates to an imperfection that affects only 20% of the effective length of the 
model (3 wavelengths). The amplitude a varies slightly from case to case (see Table 4.1). 
The tube is bent by prescribing the angle of rotation at Lx   ( L ). This end is 
constrained to remain plane, while the cross section is free to ovalize by imposing the 








tan       (4.2) 
 
where ( ix , iz ) are the coordinates of the 
thi  node in this plane and ( refx , refz ) are those 
of a reference node (e.g., the bottom node). The moment is calculated at the plane of 
symmetry ( 0x ) from: 
 
M  2 ziFi
i1
N
       (4.3) 
 
where iF  is the axial force acting on the 
thi  node of the cross section and iz  is its 
distance from the axis of the tube. 
The nature of the problem requires the use of solid (3D) elements. Aguirre (2002), 
in his study of the initiation of Lüders bands in tubes under bending, compared the results 
obtained from three linear element types: C3D8R (reduced integration), C3D8 (full 
integration) and C3D8I (incompatible modes). He showed that in the model with the 
C3D8I type, the banded deformation patterns naturally developed for coarser meshes. 
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This results from the element formulation, which allows the deformation gradient to vary 
inside the element. Thus, as in Chapter 2, C3D8I elements are adopted. In order to avoid 
any directional bias a uniform isotropic mesh is used. The mesh adopted in most of the 
calculations reported has two elements through the thickness of the tube. Thus, for 
example, for D/t  = 24.3 there are 76 around the half circumference and 362 along the 
length (L = 7.5D) for a total of 55,024 elements. This density was arrived at from a 
convergence study where the major characteristics of the predictions were evaluated by 
comparison to the experimental results. The main parameters of concern were the correct 
reproduction of the level of the moment plateau and its extent as well as consistency in 
the calculated banded Lüders deformation patterns. Other isotropic meshes considered 
had 1, 3 and 4 elements through the thickness with a total of 6,878, 185,706 and 440,192 
elements respectively (because the mesh uses the wall thickness as its length-scale the 
number of elements varies with the D/t).  
The same constitutive model used in Chapter 2 is also adopted here. Thus, a 
measured engineering stress-strain response such as the one drawn in red color in Fig. 4.3 
is modified as follows. The initial linear elastic branch with the measured modulus E is 
adopted. The elastic branch terminates at the upper yield stress that is 2  higher than 
the plateau ( L ) of the measured response. It is followed by a linear softening branch, 
which is drawn with a blue dashed line in the figure. Its termination point at the end of 
the Lüders stress plateau is at a level that makes the areas of the two shaded triangles 
equal. Beyond this point, the fit follows the hardening part of the measured stress-strain 
response (in piecewise linear manner). As in Chapter 2, rate dependence is introduced by 
means of a power law with rate exponent 001.0m . 
ABAQUS Standard was used with the STATIC card. The CONTROLS option 
was used with "analysis=discontinuous", that improves efficiency for severely 
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discontinuous behavior by allowing relatively many iterations prior to beginning any 
checks on the convergence rate, and with "parameters=line search", that can be viewed as 
an "insurance policy" for Newton-like methods (Hughes and Ferencz, 1990). The 
duration of each simulation is the same as in the corresponding experiment (typically 5 to 
10 minutes) and a maximum increment of 01.0  of rotation at the end of the tube is 
enforced. 
4.2 SIMULATION OF TYPICAL EXPERIMENTS 
The modeling framework summarized above is now used to simulate several 
representative experiments. Each simulation uses the actual geometric and material 
parameters of the tube tested (Table 3.1). The results will be used to illustrate the extent 
to which the phenomenological model adopted reproduces both the structural events 
associated with inhomogeneous deformation and at a finer scale the Lüders banding. 
4.2.1 D/t = 24.31, L = 1.89% 
We start with Exp. LU9-1 with the parameters given in Table 4.1. Figure 4.4 
shows the calculated moment-end rotation response with the moment, M , normalized by 
the fully plastic moment oM  and the end rotation, L , by 1L . Figure 4.5 shows a set of 
11 deformed configurations of the quarter-tube domain analyzed, corresponding to the 
numbered bullets on the response. The material response adopted in this simulation is the 
one drawn with a blue dashed line in Fig. 4.3. The LM   response is seen to generally 
reproduce the main features of the corresponding measured response drawn in Fig. 4.4 in 
dashed line; i.e., the initial moment maximum, the level and extent of the moment plateau 
that follows, the subsequent stable branch, the second moment maximum and the 
curvature at which it occurs, are all faithfully reproduced. Aguirre et al. (2004) and 
Kyriakides et al. (2008) have shown that the assumed unstable material response 
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produces a moment plateau at the correct level. At the same time, the configurations in 
Fig. 4.5 bring to fore the banded nature of localized deformation that develops. The bands 
first nucleate near the mid-span and gradually spread to the rest of the domain analyzed 
(color keys correspond to equivalent plastic strain values). Before discussing the global 
evolution of these events, it is worth paying special attention to the first initiation phase 
of the bands. 
 
a. Initiation of Localization Bands 
Figure 4.6 shows an expanded view of the initial part of the moment-end rotation 
response. Marked on it with solid bullets are 8 points that will help follow the events that 
take place during the initiation of Lüders banding. Figure 4.7 shows plots of the most 
compressed generator of the tube ( w  outward displacement normal to tube surface) for 
points  to . Included is the equivalent plastic strain along this generator ( pe  C) and 
the corresponding values along the most stretched generator (T) (s is a natural coordinate 
along the axis of the tube). The response starts to become nonlinear at oMM 92.0  and 
gradually looses stiffness. This is presumably caused by plastic action in the 
neighborhood of the imperfection. This is confirmed by the recorded growth in pe  at 
both generators in the plot corresponding to point  in Fig. 4.7, just before the moment 
maximum. However, the plastic deformation is not sufficient yet to support the formation 
of localized deformation bands. At point , at a slightly higher curvature ( 1122.0 L ), 
the imperfect part of the generator appears more deformed and simultaneously a spike in 
p
e  develops on the tensioned side at the second imperfection peak. This point also 
happens to correspond to the maximum moment achieved of oM08.1 . Beyond this point, 
the moment drops down to a plateau and simultaneously bands of localized deformation 
nucleate at this location. At point  the generator is seen to be more deformed, the 
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moment is down to oM06.1  while the local plastic strain (T) has reached a value of 
nearly 3%. Figure 4.8 shows six sets of images with axial plastic strain contours for 
points  to  on the response in Fig. 4.6. The images correspond to a length of the tube 
just under 1.5D long on either side of the mid-span (the full tube has been assembled for 
clarity). The image on the left shows a side view (i.e., in the plane of bending); the 
middle one is a top view (i.e., the tensioned side) and the one on the right a bottom view 
(i.e., the compressed side). The color contours show clearly the localized deformation 
bands that nucleate, grow and multiply as the end rotation ( L ) is gradually increased. 
The images for point  show two pairs of x-shaped bands on either side of the mid-span 
on the tensioned side of the tube. The center of the x is located at the second imperfection 
peak. The bands are orientated at  55  to the axis of the tube and have an angular span 
of about  60 . The strain levels in the bands are of the order of 2.5% at the center but 
decrease as they go around the circumference, eventually dying out. Simultaneously, 
weaker bands with the same orientation have also appeared on the compressed side of the 
tube. These emanate mainly from the first imperfection peak. 
By point , the compressed generator has deformed further and plastic 
deformation around the first imperfection peak and valley has increased on the 
compressed side (Fig. 4.7). The corresponding cluster of bands around mid-span has 
strengthened and the bands are now clearly discernible in the corresponding image in Fig. 
4.8 for both the tensioned and compressed sides. 
Figure 4.9 shows an expanded view of one of the x-shaped pairs of T-bands 
corresponding to point . Their features are similar to those reported in Aguirre et al. 
(2004). That is, the band orientations are very similar to those yielded by Hill’s 
characteristics obtained from simple considerations of admissible strain discontinuities in 
a biaxially loaded sheet (Hill, 1952; see also Bijlaard, 1940). The bending induced 
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ovalization introduces a bending type circumferential stress, which varies around the 
circumference (~ 2cos ). However, its amplitude is small compared to the axial stress. 
Thus, at the top and bottom the biaxiality ratio is small which results in the nearly perfect 
agreement with the  7.55  inclination of strain discontinuities in a uniaxially loaded 
sheet. For  450  , the circumferential stress decreases and so the bands stay 
straight. The bands affect zones that are about 3 elements wide with the center being 
more deformed. Furthermore, as might be expected, the deformation penetrates the whole 
wall thickness while the material on either side of a band remains essentially elastic. 
It is interesting to examine if the width of the band is influenced by the mesh 
used. To this end the same calculation was performed with four nearly isotropic meshes 
defined by the number of elements through the thickness. Figure 4.10 shows plots of the 
plastic equivalent strain along an axial line  2.33  from the plane of bending (line drawn 
in Fig. 4.9) for the four meshes. The bands look very similar for the three finer meshes 
with a maximum width of about 3t and a maximum plastic strain of about 2.5%. The 
results for the mesh with one element through the thickness are slightly different but this 
appears to be more due to the scarcity of integration points than anything else. Therefore, 
similarly to what was observed in the simulation of tensile tests (Chapter 2), no 
pathological mesh dependence is detected during the simulation of bending with Lüders 
bands by means of an up-down-up constitutive model. 
With further rotation of the ends, the strengthening of the bands of the 
compressed side continues while their number increases. So in image  (Fig. 4.8), at 
1138.0  LL  , two pairs of C bands have fully developed reaching a strain in the range 
of 2-3%. As L  is increased further the number of both the T and C bands multiples 




b. Propagation of Localization 
It is interesting to return now to Figs. 4.4 and 4.5 in order to examine the effect of 
the banded localizations on the overall response of the structure. Configuration , 
corresponding to 1084.0  LL   close to the first visible nonlinearity on the initial stable 
response, is free of Lüders bands and has a uniform curvature. The latter point is better 
illustrated in Fig. 4.11, which shows the slope of the mid-surface of the tube, (s), 
plotted against the natural coordinate s along the axis of the tube. The plane 0s  is a 
plane of symmetry and thus (0) 0 . The free end of the tube, at Ls  , undergoes the 
maximum rotation (L)L . Thus, when the tube deforms uniformly (s) grows 
linearly between 0 and L . This indeed is the case for configuration . 
By configuration  at 140.0  LL   the Lüders bands have propagated from the 
symmetry plane to the right and cover a length about 2D of the tube. A higher curvature 
zone has developed in this domain while the rest of the tube remains at the original 
curvature. The localization of curvature is visible in configuration  and better 
quantified in the corresponding slope trajectory ( 140.0  LL  ) in Fig. 4.11. Here two 
linear trajectories with different slopes are joined by a transition region extending over a 
length of approximately 0.5D. The section with the larger slope has developed a 
curvature of 136.1  , while the section unaffected by Lüders bands remains at the 
curvature that corresponds to the first moment maximum. 
As pointed out is Section 3.4.2b, the ovalization induced to the cross section 
differs in sites with different curvatures. Accordingly, Fig. 4.12 shows axial profiles of 
the calculated ovalization [  (Dmax Dmin)/(Dmax Dmin)] at different values of L  
(included are also profiles for several of the configurations in Fig. 4.5 –– circled 
numbers). In configuration  at 1084.0  LL  , the tube is linearly elastic and the 
ovalization is small and uniform along the length. In the next two profiles at 115.0 L  and 
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130.0 L  respectively, the ovalization is seen to grow locally around the mid-span 
because of the increasing localized deformation at this site. By configuration , 
localization of   now affects a length of about 2D while reaching a value of about 2% at 
mid-span. 
As the end rotation increases, the inclined Lüders bands are seen in Fig. 4.5 to 
propagate away from mid-span into the hitherto intact part of the tube in a nearly steady-
state manner (see configurations  to ). Simultaneously, a gradual growth of the higher 
curvature domain takes place at the expense of the lower curvature (see Fig. 4.11). 
Indeed, the same can be observed in the corresponding ovalization profiles in Fig. 4.12, 
where a transition front that joins the high and low ovalization regimes, about one tube 
diameter long, is seen to propagate away from 0s . We take note of the wavy nature of 
these profiles and observe that although the waves close to mid-span may be related to 
the initial geometric imperfection we introduced to the structure (Eq. (4.1)), beyond 
Ds 6.1  the tube is initially essentially perfect due to the exponential multiplier of the 
sinusoidal axisymmetric imperfection (see Fig. 4.2). 
To help us further navigate through the events associated with the steady-state 
propagation of Lüders banding a sequence of deformed configurations with amplified 
normal displacement (w x 8) has been generated between 93.088.0 1   LL  (Fig. 
4.13). The sequence shows the initiation and development of a pair of new pockets of 
bands, one on the tension and one on the compression side. The amplification of w 
reveals that both the compression (C) and tension (T) sides of the Lüders deformed 
section of the tube are wrinkled. Furthermore, the wrinkles develop simultaneously with 
the nucleation of each pocket of bands. Interestingly, for C the center of each pocket of 
bands coincides with a wrinkle peak and for T with a valley. It appears that as Lüders 
banding plastically deforms the tube, uniform bending yields to a wrinkled state. This 
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happens even though the local moment is essentially constant. In other words, wrinkles 
form when a certain plastic deformation develops rather than because the critical load is 
reached as is the case in traditional plastic buckling situations. 
A more quantitative view of the C and T wrinkles and their relationship is shown 
in Fig. 4.14. Here the normal displacements of the two most deformed generators 
corresponding to the last image in Fig. 4.13 are plotted against the longitudinal position 
(undeformed). Following an initial transient at mid-span that is influenced by the initial 
imperfections in the structure, the two generators are seen to have wrinkled at well-
defined wavelength and amplitudes. The half-wavelength is Dt44.1 , a value 1.2 
times the elastic one for axisymmetric buckling (Eq. (3.2)). The mode is such that the C 
valleys coincide with T peaks. Furthermore, the C amplitude of 0.076t is nearly 2.5 times 
higher than the T amplitude, something that could be expected due to the opposite signs 
of the stresses and deformations on the two sides. As in Fig. 4.13, the wrinkling stops at 
the interface of the Lüders deformed and undeformed zones. We thus conclude that 
despite their relatively small amplitude the Lüders induced wrinkles result in the 
waviness of the s  profiles in Fig. 4.12. 
Before leaving this subject it is worth pointing out that the wavelength of these 
wrinkles was found to be influenced to some degree by the mesh used. Although the 
other performance criteria were met, switching from two to three elements through the 
thickness (55,024 vs. 185,706 elements) was found to increase the wavelength by about 
5% and remained the same when an even finer mesh of four elements was used. 
Returning to Figs. 4.4 and 4.5, the nucleation of new pockets of Lüders bands and 
wrinkles continues until the whole length of the tube has been deformed to the curvature 
of 136.1 L . This corresponds to the end of the moment plateau in Fig. 4.4, which 
interestingly terminates with a small moment dip (probably due to the interaction of the 
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bands with the free end of the tube). As can be seen in Fig. 4.4, the end of the moment 
plateau compares very well with the corresponding event in the experimental response. 
The completion of the propagation phase of the process is also depicted in the (s) and 
(s)  trajectories in Figs. 4.11 and 4.12. 
Subsequently, the moment starts to increase monotonically again and the tube 
deforms uniformly. Thus, in configuration  in Fig. 4.5 at 140.1    the tube is seen to 
be uniformly bent and to have a linear (s) trajectory in Fig. 4.11. The same can be said 
for configurations  and  at curvatures of 160.1   and 180.1    respectively. The 
ovalization in turn becomes nearly uniform (see  in Fig. 4.12). The additional 
ovalization that is induced during this second stable part of the bending history gradually 
reduces its bending rigidity leading to the attainment of a limit moment at a curvature of 
191.1  . Beyond this point, deformation localizes at mid-span by diffuse ovalization, 
which under persistent bending turns into an increasingly sharper local inwards kink. 
4.2.2 D/t = 24.26, L = 2.55% 
It is now interesting to contrast the results above with results for LU3-3 with 
approximately the same geometry but with a longer Lüders strain of 2.55% (see Table 
4.1). The stress-strain response adopted is shown in Fig. 4.15 along with the measured 
response. The calculated moment-end rotation response is shown in Fig. 4.16 and a 
sequence of deformed configurations in Fig. 4.17. The slope profiles (  s) of the chosen 
configurations are shown in Fig. 4.18 and the ovalization profiles ( s)  in Fig. 4.19. 
The initial part of the response is similar to that of the previous case. Configuration , 
just before the moment maximum, is uniformly deformed and this is reflected in the (s) 
and (s)  profiles. A moment maximum of oM09.1  develops following which Lüders 
banding nucleates again at mid-span due to the local imperfection introduced to the 
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model. The subsequent moment plateau again hovers around oM  as indeed is the level of 
the experimental response. The inclined banded nature of the Lüders deformation appears 
similar to that in Fig. 4.5. Curvature localizes and so does the ovalization as evidenced by 
the (s) and (s)  profiles in Figs. 4.18 and 4.19. The low curvature regime is at 115.0   
while the higher curvature does not quite stabilize, instead increasing from 166.1   to 
104.2  . Clearly, however, the longer L  induces a significantly larger curvature to the 
Lüders deformed part of the tube than in the previous case. The plastic deformation 
promotes ovalization as clearly seen in Fig. 4.19 where the ovalization in the 
neighborhood of the mid-span is seen to grow to much higher values than those of the 
previous case in Fig. 4.12. Signs of spreading of ovalization along the length can be seen 
in the profiles of points  to . However, unlike the previous case,   at mid-span never 
stops growing.  
Lüders banding also induces wrinkling in the same general fashion as described 
for LU9-1 (see Fig. 4.20). The wrinkle half-wavelength is now Dt27.1  that is 13% 
shorter than the previous case while the amplitudes of the C wrinkles are larger, 
presumably because of the larger curvature induced by the longer L . Once again, this 
wavelength was found to grow slightly when a finer mesh with 3 elements through the 
thickness was used instead. 
By configuration  approximately two-thirds of the tube have been Lüders 
deformed. This section is bent to the higher curvature, is ovalized but not so uniformly, 
and is wrinkled. Soon thereafter, the moment takes a downward trajectory and the tube 
starts to collapse. The collapse is associated with diffuse localized ovalization affecting a 
zone (56)D  long at mid-span as can be seen in configurations  and  in Fig. 4.17 
and in the corresponding (s)  profiles in Fig. 4.19. The collapsing zone develops an 
even higher curvature that is depicted in Fig. 4.18. Clearly, the combination of higher 
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curvature and the continued growth of ovalization induced to this section cannot be 
sustained and this leads to collapse. It also appears that collapse takes place when a 
certain critical length of the structure is affected by the higher curvature and ovalization. 
Here collapse occurred at 1 LL  of approximately 1.47, which compares with the 
value of 2.04 that would have been achieved if the whole length could have been Lüders 
deformed. In summary, the simulation replicates the behavior observed in the experiment 
and explains the reasons behind the premature collapse. Apparently, the longer Lüders 
strain has lead to the premature collapse of the structure. Figure 4.21 shows an image of 
the localized mode at collapse that develops. A sharp inwards kink is seen at mid-span 
(plane of symmetry) and small amplitude wrinkles on either side of it. 
4.3 SUMMARY OF RESULTS OF SIMULATIONS OF ADDITIONAL EXPERIMENTS 
The material parameters, the mesh and rate exponent found to reproduce with 
accuracy the behavior observed in the two bending experiments analyzed this far were 
adopted to numerically simulate the rest of the experiments presented in Chapter 3 
(individual parameters listed in Table 4.1). The amplitude of the imperfection, a, was 
individually selected guided by measured variations in the diameter of each tube (see 
Table 4.1). To avoid repetition, here we will show only the calculated moment-rotation 
responses. The results for the five additional cases are compared to the corresponding 
experimental ones in Figs. 4.22. 
The calculated response for the highest D/t of 33.19 shown in Fig. 4.22a is seen to 
agree well with the experimental one. This includes the level of the moment plateau and 
the point at which the tube collapsed. The same is true for D/t = 26.72 (Fig. 4.22b) in 
which the larger curvature regime spread much further before the tube collapsed. As will 
be demonstrated in the parametric study that follows in Chapter 5, both of these tubes are 
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relatively thin and would have collapsed before a second stable branch is reached even if 
the Lüders strain was shorter. 
Figures 4.22c and 4.22d show results from tubes with D/t of about 18.6. LU5-3 
with %71.2L  did not survive the inhomogeneous phase of bending while LU4-3 
with a shorter Lüders strain of 1.78% did. The simulations reproduce these behaviors in 
all aspects. 
The thickest tube tested with D/t = 14.68 and %43.2L  (Fig. 4.22e) survived 
the inhomogeneous phase of bending and was bent uniformly to a large curvature of 
about 12 . Again, all aspects of the response were captured by the simulation. For such a 
low value of D/t, the tube would survive even if the Lüders strain was longer. 
The tubes developed wrinkles for all seven simulations. In the experiments, we 
reported a significant variation in the measured wavelengths with the most commonly 
occurring values being close to e  given in Eq. (3.2). In the simulations, the wavelength 
varied somewhat from case to case. Interestingly, for all but the thickest tube, the 
calculated half wavelengths were close to e  (varied between e0.1  and e2.1 ). In other 
words, we did not detect any strong influence on the wavelength from L . For D/t = 
14.7 the value was e8.0 . On the other hand, for a given D/t, longer Lüders strain results 
in higher localization curvature, which in turn, increases the amplitude of the induced 
wrinkles (compare C wrinkles in Figs. 4.14 and 4.20). Finally, the regularization was 
instrumental in producing the steady-state propagation of curvature, which is also 
responsible for the periodicity described here. 
4.4  TUBES WITH A MONOTONIC STRESS-STRAIN RESPONSE 
For comparison purposes the bending response of a tube with the same geometry 
as those considered in section 4.2, but with a monotonic stress-strain response, was 
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calculated. The stress-strain response used was generated by simply eliminating the 
Lüders plateau from the response in Fig. 4.3. In practice, this might be achieved by cold 
working the pipe (e.g., cold rolling). The resultant stress-strain response is shown in Fig. 
4.23. The calculated moment-curvature response for the tube with D/t = 24.31 is shown 
in Fig. 4.24. The monotonicity of the stress-strain response results in an initially 
monotonic M   response and a corresponding monotonically growing and uniform 
curvature as shown in configurations  to  in Fig. 4.25. The induced ovality gradually 
reduces the bending stiffness and leads to a limit moment at  1.691, after which the 
tube collapses (conf.  in Fig. 4.25) in the manner shown earlier in Fig. 4.21. Included in 
the figure is the M   response for LU9-1 whose material exhibited a Lüders strain of 
1.89%. Interestingly, following the initial inhomogeneous bending phase, this tube was 
bent uniformly up to a curvature of 1.911. This implies that the Lüders banding did not 
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Fig. 4.2 Initial geometric imperfection used (Eq. 4.1). The imperfection 

















Fig. 4.5 Calculated deformed configurations corresponding to response in 
















Fig. 4.7 Normal displacement along the most compressed generator of the tube 
for four points marked on the response in Fig. 4.6. Included are the 
plastic equivalent strains along the most compressed (C) 
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Fig. 4.9 Expanded view of a pair of bands on the tensioned side of the tube 





Fig. 4.10 Plots of equivalent plastic strain along the length of the tube corresponding to point  on the response in Fig. 4.6 





Fig. 4.11 Calculated local tube slope )(s  along the length at different end-rotations for LU9-1. Circled 





Fig. 4.12 Calculated ovalization along the length of the tube at different end-rotations for LU9-1. Circled 




















Fig. 4.13 Sequence of deformed configurations with amplified normal 

























Fig. 4.18 Calculated local tube slope )(s  along the length at different end-rotations for LU3-3. Circled numbers 





Fig. 4.19 Calculated ovalization along the length of the tube at different end-rotations for LU3-3. Circled numbers 
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(e) 
Fig. 4.22 Comparison of measured and calculated moment - end-rotation 
response for tubes of various D/ts and Lüders strains: (a) LU11-1, 



















Chapter 5: PARAMETRIC STUDY 
In the previous chapter, the numerical framework developed for analyzing the 
response and assessing the stability of steel tubes with Lüders bands under bending was 
shown to be capable of reproducing all aspects of the behavior observed in the 
experiments. In this chapter, some of the key variables of the model are varied in order to 
demonstrate their effect on the calculated response. In addition, the boundaries of stable 
bending are established for a range of pipe D/t and material properties. 
5.1 STRENGTH OF INSTABILITY 
Aguirre et al. (2004) pointed out that the slope of the softening part of the 
assumed response, or alternatively the assumed L , must be within a certain range 
for the patterns and sequence of events presented to take place. If L  is too small, 
the banded patterns do not develop; if it is too large then there is a tendency for the 
deformation to “jump” to the hardening part of the response producing a longer and 
higher moment plateau.  
In the present study, this sensitivity was further investigated by varying the 
 /L  (or negative slope) in the assumed stress-strain response. Thus Fig. 5.1 compares 
bent configurations for models with various values of  /L  and ( E E ). The four 
cases on the left column have Lüders strain of 1.0% and the ones on the column on the 
right have 2.0%. Each row has the same value of  /L  given in Table 5.1. The 
configurations correspond to the curvatures at the end of the plateau of the corresponding 
moment - end rotation response. Interestingly, the Lüders banded patterns for each row 
are very similar but differ from row to row. However, in the first row with 
 /L  0.081, the patterns are weak and not fully developed (patterns represent 
contours of equivalent plastic strain). In the second row, with  /L  0.162, the 
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patterns are somewhat stronger but still not fully developed. The patterns appear fully 
developed in rows 3 and 4 with stress amplitudes of 0.243 and 0.324. This trend indicates 
first that  /L  is a viable parameter for defining the strength of the material instability 
and second that a threshold value must be exceeded before the expected Lüders banding 
is fully developed.  
A second parameter that influences Lüders banding in the bending of tubes is the 
level of the stress plateau, L . Figure 5.2 shows comparisons of results with two 
different values of L , 36.9 ksi (254 MPa), for the three cases on the left column and 
73.8 ksi (509 MPa) for the three cases on the right. In all cases L 1.0% and each row 
has the same  /L  given in Table 5.2. Again, the deformation patterns for each row 
are similar but differ from row to row. Furthermore, similar values of  /L  to the ones 
used for the models in Fig. 5.1 result in the desired Lüders bands pattern. This confirms 
that  /L  is a good choice for characterizing the material instability. The choice of an 
appropriate range of values of  /L  for the simulation of tubes with Lüders bands 
under bending is discussed in the sensitivity study presented next. 
5.2 SENSITIVITY STUDY 
The success of the modeling framework presented in Chapter 4 in reproducing the 
experiments is influenced by several model parameters. The parameters used in the 
simulations were chosen following an extensive sensitivity study the results of which will 
be summarized here. Figures 5.3 illustrate the effect of L  on the calculated 
responses for LU9-1 and LU3-3. For both cases, increasing L  leads to a higher 
initiation moment and sharper transition from elastic to plastic deformation and a more 
ragged moment plateau. In addition, the moment plateau becomes longer, higher, and the 
larger curvature that develops as it is traversed increases. The lengthening of the plateau 
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with L  and the increased raggedness can be seen in Fig. 5.3a for LU9-1. The 
effects of L  are more drastic for LU3-1 shown in Fig. 5.3b. Here assigning a small 
value of L  shortens the plateau, the associated curvature is smaller and, as a 
consequence, the whole length is Lüders deformed and the structure returns to uniform 
deformation; this of course is in conflict with the experiment. If L  is larger than 
the optimum value then the plateau is higher and collapse occurs earlier. 
The initial geometric imperfection amplitude assumed influences the results to a 
certain degree also. For LU9-1 shown in Fig. 5.4a increasing the imperfection causes a 
reduction in the curvature at collapse, which in this case occurs during the second stable 
branch of the moment-rotation response. In the case of LU3-1 however (Fig. 5.4b), 
increasing the imperfection causes collapse at a smaller rotation and decreasing it allows 
the plateau to be completed so that the tube returns to uniform curvature before 
collapsing. In the simulations, the choice of this variable was guided by the measured 
variation in diameter of each specimen. 
The imperfection parameter   controls the rate of decay or how much of the 
model is affected by the imperfection. This parameter was instrumental in guaranteeing 
that the localization started at the symmetry plane and localization propagated from the 
symmetry plane to the end of the tube. 100  best reproduced the experiments 
simultaneously enforcing localization at the symmetry plane. Figures 5.5 show the 
influence of   on the bending response for the same cases studied above. For LU9-1, the 
more localized the imperfection is, the larger the collapse curvature (see Fig. 5.5a). In the 
case of LU3-1 (Fig. 5.5b), there is no clear trend when   is increased or decreased.  
A rate exponent 001.0m  was found to be optimal in that it made the solution 
more robust. Figure 5.6 compares the moment-rotation response calculated for LU9-1 for 
this value of m and one 10 times larger. For the larger value the first moment peak is 
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more pronounced, the plateau is more ragged and its extent is longer. In addition, the 
limit moment in the second stable branch is delayed. Even larger values of m cause the 
solution to increasingly deviate from the experimental behavior. 
The FE mesh used in the simulations must be fine enough for the banded Lüders 
patterns to develop properly. Four nearly isotropic meshes were considered with 1, 2, 3 
and 4 elements through the thickness. The effect of this mesh refinement on the width of 
the bands was shown in Fig. 4.10 to be minimal. Figure 5.7 shows that these mesh 
densities do not influence the plateau in any significant manner but finer mesh delays 
slightly the onset of collapse. It is also observed that the response of the two most refined 
meshes are essentially identical. The fine details of the banded patterns are also identical 
for these most refined meshes (Fig. 5.8). 
5.3 PARAMETRIC STUDY 
Having established optimal values of the various parameters of the numerical 
model, a parametric study of the problem is now performed. The objective here is to 
establish the sensitivity of the boundary between “stable” bending and “unstable” 
bending to the key problem parameters. In the present context stable implies that the 
structure survives localized bending induced by Lüders banding and unstable implies that 
it collapses because of Lüders banding. The main parameters of interest are the tube D/t, 
the extent of the Lüders strain )( L , the strength of the instability represented by 
L , and the amplitude of the geometric imperfection )(a . An additional parameter 
shown earlier to affect the results, the yield or Lüders stress of the material )( L  was 
also varied. Other parameters like the rate exponent and imperfection parameter   were 
kept at the values found to produce good agreement between the experiments and the 
simulations (i.e., 001.0m , 100 ). The imperfection wavelength was chosen 
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according to Eq. (3.2). The hardening part of the material response was kept the same as 
that of the measured stress-strain responses (e.g., see Fig. 3.18). For numerical 
expediency, in this study the nearly isotropic mesh adopted involved one element through 
the thickness, which is considered adequate. 
Figure 5.9 shows a set of results from this parametric study for a material with a 
yield stress of 55.4 ksi (382 MPa). Tubes with D/t between 18 and 28 were analyzed. For 
a chosen D/t, a trial value of L  is selected and a bending calculation is performed 
using the other problem parameters included in the figure. If the tube is successfully bent 
past the inhomogeneous deformation regime, L  is increased by 0.25% and the 
calculation is repeated. The incrementing of L  is repeated until a value is reached for 
which the tube collapses due to Lüders banding. In case the tube buckles for the first trial 
value of L , its value is decreased by 0.25% and the calculation is repeated. This 
continues until a value is found for which the tube survives the Lüders banding. The 
average of the Lüders strains of the last two cases is taken as the bounding Lüders strain 
for this D/t, LB . 
Similar sets of calculations were performed for other D/t values and the calculated 
LB  are plotted against D/t in Fig. 5.9 with solid bullets. Because of the finite size of 
the increment of L  used, the final answers have error bounds as marked in the figure. 
Thus, for L  values above the drawn boundary the structures will collapse during 
Lüders banding, and for values below the boundary they will survive Lüders banding and 
enter the stable, hardening deformation regime. As expected, the critical Lüders strain is 
strongly dependent on D/t. Tubes with relatively high D/t values do not survive Lüders 
banding even for small values of L  while for the lowest D/t analyzed the bounding 
value exceeds 3%. 
 
 126
The bounding value of L  is influenced by the Lüders stress in the manner 
shown in Fig. 5.10a. Here LB D / t  bounds are generated for three material yield 
stresses: 9.36L , 55.4 and 73.8 ksi (254, 382 and 509 MPa) with the rest of the model 
parameters kept constant. Interestingly, the higher the material yield stress the lower the 
bounding Lüders strain. This is partly related to the fact that higher yield stress induces 
higher ovality making the structure less stiff and more susceptible to collapse. 
The imperfection used influences LB  to some degree also. Figure 5.10b shows 
tDLB /  plots for three imperfection amplitudes a  for a material with 9.36L  ksi 
(254 MPa). Reducing a  tends to increase the bounding values of Lüders strain a 
relatively modest amount. Interestingly the effect of a  becomes even smaller for higher 
values of L . 
In summary, the bounding value of Lüders strain that separates stable and 
unstable bending as defined above is a strong function of D/t. Increasing the material 
yield stress tends to reduce its value while increasing the imperfection amplitude used in 











5.1a 1 1.0 0.081 
5.1b 2 0.5 0.081 
5.1c 1 2.0 0.162 
5.1d 2 1.0 0.162 
5.1e 1 3.0 0.243 
5.1f 2 1.5 0.243 
5.1g 1 4.0 0.324 
5.1h 2 2.0 0.324 
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Fig. 5.2 Sensitivity study for 24tD  and %1L   








Fig. 5.3 Influence of the unstable part of the stress-strain response adopted on the 







Fig. 5.4 Influence of the initial imperfection amplitude on the calculated moment - 







Fig. 5.5 Influence of the initial imperfection rate of decay on the calculated moment 










Fig. 5.7 Influence of the size of elements used to discretize the model 
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Fig. 5.8 Influence of the size of elements used to discretize the model on 
 the calculated banded patterns. (a) element size t,  












Fig. 5.10 Bounding value of Lüders strain for pure bending as a function of D/t for  
(a) three values of material yield stress and  
(b) for three imperfection amplitudes.  
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Chapter 6: CONCLUSIONS 
Lüders banding is a dislocation driven phenomenon whose macroscopic effect is 
inhomogeneous deformation in the early stages of plastic deformation. Thus, for 
example, in a uniaxial test conducted under displacement control localized deformation 
of 1-3% nucleates locally and gradually propagates in the rest of the specimen that is still 
elastic. As this steady state propagation of inclined bands of plastic deformation takes 
place, the stress traces a nearly constant plateau. When the whole specimen is thus 
deformed the material returns to stable hardening behavior. This study examined how the 
localized deformation associated with Lüders banding affects the response of tubes bent 
into the plastic range as well as the extent to which they can be so bent. The problem has 
been investigated using a combination of experiments and analysis. 
 
a. Uniaxial Tests 
In the way of connecting with past investigations of Lüders banding, the 
investigation started with experiments and finite element simulation of strips in uniaxial 
tension. Experiments in which the evolution of localized deformation was monitored with 
DIC confirmed previously observed steady-state propagation of deformation fronts that 
separate Lüders deformed and undeformed zones. The tension tests were reproduced 
using the numerical and constitutive models that were adopted in the more complex 
problem of bending of tubes. 
 
b. Bending Experiments 
Pure bending experiments were conducted on tubes with D/t values ranging from 
33.2 to 14.7 each with a different value of Lüders strain (L 1.82.7%). Under 
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rotation controlled bending, the initial elastic regime terminates into a local moment 
maximum that is followed by nucleation of narrow angled bands of localized deformation 
on the tension and compression sides of the tubes. As the rotation of the ends increases, 
the number of bands multiplies and new ones start to spread to the hitherto intact part of 
the tube while the moment remains relatively constant. The Lüders affected zone 
develops a significantly larger strain, which translates into localization of curvature. 
Thus, two curvature regimes co-exist at the same moment level: a larger curvature 
associated with the end of the moment plateau and a smaller one that corresponds to the 
beginning of the plateau. How far along the tube the larger curvature propagates depends 
on the D/t and L . 
(a) For tubes with lower D/t values and/or shorter Lüders strain the whole structure 
becomes Lüders deformed, the material enters the hardening regime and continues to 
deform uniformly until excessive ovalization leads to a limit load instability. 
(b) For higher D/t tubes and/or longer Lüders strain, the propagation of the larger 
curvature is interrupted by collapse when a critical length is Lüders deformed leaving 
behind part of the structure essentially undeformed. The higher the D/t and/or the 
longer the Lüders strain is, the shorter the critical length. 
The bending behavior and the stability of such structures are further complicated 
by the inherent nonlinearities of ovalization of the cross section and by wrinkling. The 
localization of curvature leads also to locally higher ovalization and the local formation 
of wrinkles on the compressed side of the tube. The more ovalized higher curvature 
regime propagates in the manner described above. All tubes tested developed wrinkles 
but in the case of thicker tubes, the amplitude of the wrinkles was small for most of the 
bending history becoming more pronounced in the final collapsed zone. The half-
wavelengths of the wrinkles, varied between (0.4  2.0) Dt , a result that is in variance 
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with similar measurements in tubes with a monotonic material response where the 
variation is only a few percent. 
 
c. Numerical Simulations 
A modeling framework was developed for systematically treating the phenomena-
rich inhomogeneous bending of tubes associated with Lüders banding. The structure was 
discretized with incompatible solid elements using a nearly isotropic mesh that is fine 
enough to allow Lüders bands to develop and evolve. Symmetries in the experimental 
setup were exploited to reduce the size of the domain analyzed to one fourth of the actual 
one. A local initial axisymmetric imperfection was introduced about the plane of 
symmetry of the model. The tube is bent by prescribing the rotation of the ends. 
Furthermore, without loss of the generality of the results, the free end is required to 
remain plane but is free to deform in the plane (ovalize). The material was modeled as a 
finitely deforming, J2 type, elastic-plastic solid undergoing isotropic hardening/softening, 
while over the extent of the Lüders deformation an up-down-up stress-strain response 
was assumed. The introduction of a mild powerlaw rate dependence was found to make 
the solution more robust, reducing numerical instabilities and facilitating the convergence 
of the simulation. 
This modeling framework was used to simulate successfully the bending 
experiments for the whole range of D/t and Lüders strains considered. This includes the 
reproduction of the inhomogeneous bending phase and the associated moment plateau 
including its extent and, when it occurs, the second homogeneous bending phase 
associated with hardening material behavior. The following observations can be made 
from the solutions presented: 
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(a) The initial elastic regime terminates into a local moment maximum associated with 
the nucleation of Lüders deformation at the site of the initial imperfections. Initially 
this is in the form of narrow deformation bands inclined at about 55± to the axis of the 
tube that appear on the tension and compression sides. The width of the bands was 
found to be insensitive to the mesh for the meshes considered. 
(b) As the tube end rotation increases the bands broaden, they locally multiply in number 
and new ones start to nucleate next to them. The bands form pockets with a 
characteristic periodicity. As bands evolve, the local curvature increases to a value 
that corresponds to that of the eventual end of the moment plateau. Simultaneously, 
the part of the tube unaffected by Lüders bands remains essentially elastic at a 
curvature that corresponds to the yield moment. Further rotation of the ends spreads 
Lüders banding and the high curvature/ovalization zone to the hitherto elastic part of 
the tube. 
(c) The zone of higher curvature experiences also higher ovalization and wrinkles. The 
higher ovalization provides another way of tracking the evolution of inhomogeneous 
deformation in the tube. The induced wrinkles have a characteristic wavelength that is 
close to that of calculated elastic wrinkles. The periodicity of the band pockets is 
related to that of wrinkles. On the compressed side, the centers of the pockets 
coincide with the peaks of the wrinkles and on the tension side to the valleys. 
Wrinkles developed for all tubes analyzed. 
(d) Thus, as the higher deformation zone propagates, the local curvature and ovalization 
increase, wrinkles develop from which bands emanate. The numerical results indicate 
that all of these develop in a synergistic manner. 
(e) As in the experiments, for lower tube D/t and/or shorter Lüders strain, the higher 
curvature/ovality zone propagates in a steady-state manner to the end of the tube. The 
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material enters the hardening regime, the moment plateau terminates and the tube 
deforms uniformly again. This second stable bending regime is terminated when the 
ovality induced natural limit load instability is reached at which point the tube 
collapses by diffuse ovalization. 
(e) For tubes with higher D/t and/or longer Lüders strain, the structure collapses before 
all of it is Lüders deformed leaving behind a section that is essentially undeformed. 
Longer Lüders bands induce a higher curvature in the localizing zone. The associated 
ovalization does not stop growing in the center of the tube and never reaches steady 
state propagation. Instead, it continually grows in the zone where the Lüders 
deformation first initiated leading to local collapse. For the highest D/t tubes 
considered (D/t >28) the collapse is influenced more by local imperfections and it 
tends to be more localized. 
 
d. Parametric Study 
The sensitivity of such solutions to the problem parameters was studied and 
ranges for values that lead to optimal performance have been established. In particular, it 
was shown that the slope of the descending branch of the assumed stress-strain response 
(or alternatively  ) must be within a certain range for the experimental phenomena to 
be reproduced. If the negative slope is too low, the Lüders patterns and the other 
associated deformation features do not develop as reported. If the slope is too high, the 
Maxwell plateau occurs at the wrong level and the numerical stability is adversely 
affected. 
It was observed that cases that survive the inhomogeneous deformation stage 
exhibit low sensitivity to the mesh density, slope of the unstable part of the stress-strain 
material response, rate dependence exponent or initial imperfection amplitude. By 
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contrast, cases that collapse due to inhomogeneous bending are more sensitive to these 
parameters. 
The boundary between stable and unstable bending was established in terms of 
D/t and Lüders strain using selected fixed values of  L , of the rate exponent m and 
the same mesh. The bounding value of Lüders strain was shown to be a strong function of 
D/t. Increasing the material yield stress tends to reduce its value while increasing the 




Appendix A: MOMENT-ROTATION CORRECTION 
In Chapter 3 the measured curvature of a tube bent in the bending machine shown 
in Fig. 3.4, was calculated using the measured sprocket rotations and the effective length 
of the specimen, Eq. (3.1). The effective length can only be estimated within a certain 
tolerance. Small amount of deformation of the extension rods and, more importantly, 
deformation of a transition length of the test specimen at the interface with the inserted 
rods (see Fig. 3.4b) tend to change the effective length by a small amount. Thus, 











.   (A.1) 
 
The deformation of all tubes tested was recorded on video so the corrected curvature was 
checked against the calculated curvature obtained from the video. 
The bending moment was also corrected according to Vaze and Corona (1995). 
The correction addresses the effect of the weight of the solid rod extensions and the small 
amount of friction in the sprocket assembly rollers on the measured bending moment. 
The weight correction increases with the angle of rotation at the sprockets and the friction 
correction increases with the bending moment. In the experiments reported here, the 
weight correction was usually the dominant component especially so for tubes bent to 
very high curvatures, which require long extension rods. Thus, for example, for a tube 
with D/t = 24 the correction is of the order of 5%. Lower D/ts, like the case shown in Fig. 
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